Introduction
The enthusiasm to investigate nonlinear QED properties of vacuum is significantly stimulated by the strong laser technology in progress. Optical light with an intensity up to 2 × 10 22 W/cm 2 can be generated [1] and the goal of an intensity beyond 10 25 W/cm 2 is set for ELI project and others [2] . Besides, coherent x-ray radiation of unprecedented brilliance with frequency up to ∼ 10keV is expected to be produced by free electron lasers [3] . Although the proposed light intensity or photon frequency is still much smaller than the critical intensity I cr ∼ 10 29 W/cm 2 or Compton frequency ω c ∼ 1MeV which means vacuum cascade via spontaneous electron positron pair production would take place in such a field, it is envisaged that combined with delicate experimental design and high sensitivity measurement techniques, the direct observation of novel properties of laser-excited vacuum can be realized [4] [5] [6] [7] .
In quantum electrodynamics, it is predicted that electron positron pairs are spontaneously created and immediately annihilated in the vacuum due to uncertainty principle. This has several consequences. For example, over a short time a photon can resolve into a loop of virtual electron positron pair which can couple with other photons, and thus it results in photon-photon scattering. The presence of the charges, although the lifetime of which is very short individually, collectively provides a basis for the vacuum to be polarized as a dielectric matter. Therefore it is natural to conceive pump probe technique to study the vacuum [5] as that has been widely used in exploring matter physics in strong field.
The theoretical investigation to vacuum polarization is based on the effective action theory, where the highenergy degrees of freedom (the electron mass m ∼ 1MeV) of the exact theory is integrated out and one arrives at an effective description of the low-energy degrees of freedom (the photons) which are relevant to the physics of the vacuum [8] . This results in modifications to the conventional electromagnetic field lagrangian L 0 = −1/4F µν F µν with the antisymmetric field tensor F µν = ∂ µ A ν − ∂ ν A µ . For laser intensity ≪ I cr and frequency ≪ ω c as the case at present and in the foreseeable future, it is enough to take into account one loop correction and adopt the lowestorder Heisenberg-Euler Lagrangian L = L 0 + δL as the effective lagrangian [9] [10] [11] , with
where α ∼ 1/137 is the fine structure constant, and F µν = ǫ µνητ F ητ /2 with the Levi-Civita symbol ǫ µνητ . Then it is common to study the vacuum polarization by assuming an electromagnetic plane wave f µν = k µ a ν − k ν a µ with four momentum k µ and four potential a µ propagating in an intense background field φ µν to see how the light cone condition of f µν is modified [6, 8] . The plane wave f µν serves as the probe and φ µν serves as the pump field. For φ µν being a constant field, mathematically rigorous results exist, that for the two polarization states a µ 1 ∼ φ µλ k λ with φ µν being the dual tensor of φ µν and a µ 2 ∼ φ µλ k λ the new light cone conditions are [8, 12] 
where
16 V/cm is the critical electric field strength.
However, for a time dependent φ µν field, explicit relations like the above which are applicable for general cases are not acquired. Many research works have conceived a strong laser field as the background field or pump field, but in nature laser fields vary both in time and space. A qualitative assumption is usually employed, that in studying vacuum polarization problems a field can be seen as constant as long as it varies slowly with respect to the Compton frequency, and thus for almost all relevant pump fields Eqs. (2, 3) can be used as the light cone conditions of the probe wave [5] [6] [7] [8] . In the derivation, it means that at first the total field is defined as A µν = φ µν + f µν but later the temporal and spatial derivatives of φ µν are dropped while those of f µν are kept. The validity of this treatment is not selfevident from a mathematical point of view. Moreover, it is long hoped that research on vacuum polarization would lead to detection of additional and unexpected signals which may herald new physics, for example the existence of lightest quark-antiquark loop, the yet undiscovered axion-like particles, and so on. Since these signals, if indeed exist, should be quite weak, it is worthwhile to understand to what extent the application of the conventional assumption would influence the accuracy of theoretical predictions in a temporally and/or spatially dependent field. In this paper, we access the problem theoretically via a pump probe scheme, where the probe light propagates in an effectively time dependent pump field. New light cone conditions are acquired analytically. They can be thought of as a direct generalization of Eqs. (2, 3) plus an additional correction. Through the investigation of vacuum birefringence measurements, the conventional assumption is partly justified in the sense that for most cases the generalization of Eqs. (2, 3) lead to the major contributor of the ellipticity parameter. The influence of the additional correction on the measurement is also discussed. The system of units = c = 4πǫ 0 = 1 and the metric g =diag(−, +, +, +) are adopted in the paper.
Light cone condition in a time dependent pump field
Here we consider a plane wave probe light as
propagating in a vacuum excited by a time dependent pump field φ µν . A time varying but space homogeneous field can be realized in the vicinity of an antinode plane of a standing wave formed by two counterpropagating electromagnetic waves. Assume for simplicity the waves are linearly polarized inê x direction, the wave vectors are in the directions of ±ê z , and the electric components are respectively E/2ê x cos(ω φ t−k φ z) and E/2ê x cos(ω φ t + k φ z). Then the total electric component of the pump field is E = Eê x cos k φ z cos ω φ t and the total magnetic component is B = Eê y sin k φ z sin ω φ t. The electric antinode planes are those with fixed z value to satisfy sin k φ z = 0. Along the path of the probe beam on such antinode plane there is a spatially uniform electric field E = Eê x cos ω φ t. Such time dependent electric field scenario is often adopted in studying strong field pair production problems [13] [14] [15] . Note that although the amplitude of the magnetic field vanishes on the plane, its spatial derivative does not.
To be consistent with the conditions of the effective action approach, ω c ≫ ω ≫ ω φ is required. The second half of the inequality comes from the consideration that the probe beam waist size which is larger than its wavelength should be much smaller than the wavelength of the pump field, in order to assure that the crosssection of the probe beam locates in the close vicinity of the antinode. The variation of the effective lagrangian with respect to the four-potential
where the total field strength tensor is F µν = φ µν + f µν . As illustrated in previous studies [8] , the self interaction of the plane wave can be neglected, regarding the plane wave as reminiscent of a test charge in classical electrodynamics. Besides, considering the probe light intensity to be much weaker than that of the pump field, the wave equation can be linearized with respect to f µν . In the following derivation we would not employ the constant field assumption but keep the derivatives of φ µν , to find out explicitly what modifications to the light cone condition would turn out to be.
The linearization of the wave equation results in
Making use of the Bianchi identity ∂ µ f µν = 0, ∂ µ φ µν = 0, and noticing that under the specified configuration of φ µν there is G = 1 4 φ µν φ µν = − E · B = 0, the equation can be written as
where F = 1 4 φ µν φ µν . The expression in the first brace is exempted from derivatives of the pump field φ µν and leads to the light cone conditions similar to (2, 3). The expression in the second brace leads to additional corrections.
Performing calculations on the electric antinode plane yields
Define three antisymmetric constant tensors h µν , φ µν E and φ
E cos k φ z cos ω φ t with φ ij E = 0 for i, j = 1, 2, 3, and
where Γ 1 = ξ/ξ ′ with ξ ′ the first order derivative of ξ, Γ 2 = − sin ω φ t/ cos ω φ t, and b 1,2 = c 1,2 cos 2 ω φ t.
Try the polarization state a
According to the configuration of the setup, several identities exist such as φ 0λ E = 0, φ E,µη φ ην E = −G E δ µν = 0 and k 3 = 0 since the path of the probe wave is perpendicular to the z axis. They lead to the following relations :
Further making use of the identity φ
2 θ E with θ E being the angle between the directions of the probe light momentum k and the electric pump field E. It can be seen that the additional terms (the second brace) only contain couplings between the electric pump field and the electric component of the probe wave.
Since the deviation of the modified light cone condition from the trivial one is expected to be in the first order of
, keeping in Eq. (11) the terms up to the first order of b 1,2 , there is
As ω φ → 0 corresponding to a constant pump field, the documented light cone condition (2) is recovered. But generally speaking, accounting for the time varying of the pump field results in a notable modification to it. Then try the other polarization state a
There are
and here k 2 means the projection of the wave vector on theê y direction, denoting it as k y in the following. We can get
Dot multiply both sides of the equation by k ν , and this yields 0 = ( 
Similarly to the aforementioned argument, keeping only the terms to the first order of b 1,2 , Eq. (16) can be simplified as
and the light cone condition is
As ω φ → 0, light cone condition (3) is recovered. It is interesting to note that in this polarization state the magnetic field contributes through the term z k φ 3ν B in Eq. (15), although the amplitude of the magnetic field vanishes along the path of the probe light.
To go beyond the constraint k · E = 0, we resort to the treatment devised in [8] to obtain a light cone condition averaged over the polarization states of the probe light, while the polarization states do not need to be specified (8) , multiplying both sides by a hν and summing over the two polarization states according to the general relation
where the first two terms on the right hand side can be recognized as plainly the arithmetic average of the light cone conditions (12) and (18) . The last term appears due to the involvement of polarization states oriented in directions other thanê z andê x . Besides, the b 2 coefficient in the last term originates directly from the term
Eφ B,αβ in Eq. (8) and thus again manifests the influence of the magnetic field.
So far the probe light traveling on the electric antinode plane is considered. Derivations can be performed also for the probe light traveling on the magnetic antinode plane, where the pump field is in effect a time varying magnetic field. In order to compare with the above results, taking k = (ω, 0, k y , 0), we can get an equation similar to Eq. (8) , that
where Γ 3 = cos ω φ t/ sin ω φ t, F B = 1 2 E 2 and b 3,4 = c 1,2 sin 2 ω φ t.
For the polarization state a µ h ∼ φ µλ E k λ ∼ê z , besides the identities (9) and (10) there is also
Substituting the identities into the equation, it becomes
Accordingly the light cone condition is
For the polarization state a µ h ∼ φ µλ E k λ ∼ê x , in addition to Eqs. (13, 14) , there is also
Using these identities, the equation becomes
In accordance, the light cone condition is
As ω φ → 0, the light cone conditions (24, 27) reduce to the trivial one instead of the conditions (2, 3). This is due to our choice of the probe light to be k · B = 0. If the direction of the probe light wave vector is along ±ê x , the conditions (2, 3) would be regained as ω φ → 0. It shows the strong dependency of the light cone condition on the particular situation, like the relative directions between the pump and probe field.
The analytical results (12, 18, 20 , 24 and 27) display explicitly that the light cone conditions of the probe light in a time varying pump field are different from that in a constant pump field. Besides the analytical results, a phenomenological explanation is attempted. The deviation of the light cone condition from the trivial one k 2 = 0 is due to the presence of virtual electron-positron pairs with a lifetime ∼ 1/ω c . On the one hand, one virtual pair can not feel the temporal change of the pump field with frequency ≪ ω c , and should see a static E(t) or B(t) field at any given time t. On the other hand, during the characteristic formation time of the probe light which scales as ∼ 1/ω, the occurrence time of the virtual loop is uncertain. This in principle exerts an averaged impact on the probe wave dynamics due to the time varying of the pump field.
Next, the influence of the modifications in measurements is discussed.
Vacuum birefringence measurement
Consider a beam of probe light propagating in theê y direction on the electric antinode plane of a pump field φ µν defined above. At first sight, it seems that the light cone conditions (12, 18) indicate that different phase planes of the probe wave propagate at different velocities, since the indexes of refraction n = | k|/ω for different polarization states are, respectivelŷ
with ϕ = k · x. However, we argue that the effect would appear as an average over the characteristic formation time of the probe wave. Thus, let's assume
with T f the formation time of the probe wave. If ξ is a sine or cosine function, as commonly assumed for a long lasting plane wave, the integral turns out to be zero. But generally speaking, it does not necessarily diminish in other situations. Take for example ξ = exp[−ϕ 2 /π] cos(ϕ + θ ξ ) as the cases of a few cycle pulse or a sequence of wavepackets. The integral varies γ ∼ (−0.1, 0.1) with different θ ξ , e.g., γ ∼ 0.078 with θ ξ = −π/3. In the following, when the probe wave/light is mentioned, we mean a few cycle pulse or a wavepacket in a sequence. Therefore, the net effect is not negligible and the indexes of refraction appear aŝ
The fact that the refraction indexes are different for the two polarization states has long invoked the speculation that it is possible to detect a phenomenon similar to optical birefringence in the QED vacuum, demonstrating the presence of quantum fluctuations [16] . A heterodyne detection has been carried out after a plane wave passed through a rotating magnetic field [17] , an experimental scheme is proposed making use of a high-intensity laser pulse as the pump and a linearly polarized x-ray pulse as the probe [7] , and a phase-contrast Fourier imaging technique involving a strong laser pump beam is introduced [5] .
According to the standard theoretical treatment of the problem [16] , the probe light is prepared in a superposition of the two polarization modes as ∼ sin θ 0êz ξ(−ωt + k 1 y) + cos θ 0êx ξ(−ωt + k 2 y), with k 1,2 = ωn 1,2 being dependent of time and θ 0 denoting the angle of the polarization vector with respect toê x at y = 0. Assume the probe light enters the pump field at y = µ. After moving along the direction of propagation for a distance L, the phase difference between the two modes accumulates to be
where t y = y − µ is the time for the wave plane moving from l = µ to l = y. The ellipticity parameter ψ = δ sin(2θ 0 )/2 can be experimentally measured. Taking θ 0 = π/4, then ψ = δ/2. Substituting Eqs. (31, 32) into Eq. (33), the phase difference can be calculated out. Taking µ into account is in effect equivalent to introducing a relative phase between the probe light and the pump field, because the value of δ would be the same if the probe beam enters at y = 0 into the pump field of Eê x cos(ω φ t + θ φ ) with θ φ = ω φ µ. The total phase difference reads δ = δ 0 /2 + δ ′ + δ ′′ with
where λ is the wave length of the probe light, λ φ is that of the pump field and δ 0 is the corresponding phase difference if the pump field is a static field Eê x . The equations
This is what to be expected, since the pump field varies so slowly during the propagation of the probe wave that it shall be seen as a constant field with the amplitude E cos θ φ at the incidence. (2) For a notable value of ω φ , δ ′ and δ ′′ oscillate as L varies. The presumption that the probe beam is shot at the antinode of the pump field implies that λ φ ≫ λ as discussed before. Taking γ ∼ 0.1, the amplitude of δ ′ can be much larger than that of δ ′′ . For θ φ = 0, the maximum value of the ellipticity parameter can be obtained as
(3) If θ µ is not controlled and varies randomly among different shots, to avoid its influence on the result it is favored to set the propagation length to be L = nπ/ω φ with n = 1, 2, · · · , and thus δ ′ as well as δ ′′ is suppressed. Otherwise the measurement data would randomly oscillate around the value δ 0 /2 from shot to shot.
It is recognized that δ ′ comes from the terms ∼ b 1,2 z k = c 1,2 z k cos 2 ω φ t in the relations (12, 18) , which can be seen as direct generalizations of the terms ∼ c 1,2 z k in the conventional light cone conditions (2, 3) through replacing the constant field E in the latter case by the field value E cos ω φ t at time t. However, δ ′′ originates from the additional corrections ∼ b 1,2 Γ 1 Γ 2 ω φ /ω in the relations (12, 18) which have no correspondence in (2, 3). It is interesting to note that the amplitude of δ ′′ does not depend on ω or ω φ , although the corrections ∼ b 1,2 Γ 1 Γ 2 ω φ /ω is explicitly proportional to the ratio ω φ /ω at any given time. Instead, it contains the factor γ which illustrates that the effect is an average over the formation time of the probe light, echoing with the explanation at the end of the previous section.
The amplitude of δ ′′ differs from δ 0 by an order of γλ/L. In experiments like those described in [17] , the effective propagation length can be increased to be over 10 4 m, so for an optical light the ratio γλ/L can be as small as 10 −11 and δ ′′ is negligible in measurements. However, in experiments involving intense lasers like those proposed in [4, 5, 7] , the effective length L is in the order of the waist size of the pump laser beam. Experimentally the laser beam can be focused to the spot size within a few times of its wavelength. As a conservative estimation, suppose L/λ φ ∼ 10, λ φ /λ ∼ 100 to insure the antinode assumption is applicable and γ ∼ 0.1, the ratio γλ/L ∼ 10 −4 is largely enhanced. The constraint with regard to the antinode assumption may be loosened, by noticing that the phase difference of the same probe light shooting at the magnetic antinode of the same pump field turns out to be
which is exactly the same as δ ′′ . This supports the speculation that a phase difference like δ ′′ shows up for arbitrary choice of the incidence point or for arbitrary size of the crosssection of the probe light. If this is indeed the case, then the requitement λ φ ≫ λ can be lifted, a correction like δ ′′ generally exists, and the ratio γλ/L can be further raised.
Envisaging the advanced strong laser with intensity ∼ 10 25 W/cm 2 as the pump field, the absolute magnitude of δ ′′ could be ∼ 5 × 10 −10 , approaching the sensitivity of high-precision polarimetry technique available nowadays [18] . Besides, an important object of studying vacuum birefringence is to search for signals from new physics, which are likely to be much weaker than the signal of ∼ δ 0 . If it is in the same order of δ ′′ or weaker, the knowledge about ∼ δ ′′ is required to extract useful information from the measured data.
It is worthy to emphasize that the above derivations are performed in the regime of the lowest-order Heisenberg-Euler Lagrangian. However, the temporal and/or spatial dependency of the fields can invoke extra corrections involving derivatives of the field strength tensors to the lagrangian. The extra terms are given by [6, 19] 
It is found that this would lead to an extra correction of the light cone condition proportional to [6, 20] . In the measurement of the ellipticity parameter, this results in a correction by the factor α(ω/ω c ) 2 smaller than ∼ δ 0 , and by the factor αL/(γλ)(ω/ω c ) 2 different from ∼ δ ′′ . Therefore, the comparison between this correction and ∼ δ ′′ should be assessed case by case. For the situation where the effective propagation length is as long as ∼ 10 4 m [17] , if the probe light is optical ω ∼ 1eV, this correction is smaller than ∼ δ ′′ by an order of 10 −3 , and if the probe light is hard x ray lasers under development ω ∼ 10keV [3] , the correction is larger than δ ′′ by an order of 10 5 . But even under such high frequency condition, for the aforementioned strong laser pump field setups with short effective propagation length, it could still be several orders smaller than ∼ δ ′′ .
Summary and outlook
Vacuum polarization by a pump field composed of two counterpropagating laser beams is studied. The light cone condition of a probe wave propagating in the excited vacuum, especially on the electric/magnetic antinode plane of the pump field, is obtained based on the lowest-order Heisenberg-Euler lagrangian. The differences to the commonly referred light cone conditions in a constant pump field are notable. Besides a direct generalization of the conventional relations, particularly an additional correction exists. However, the analysis of birefringence measurement shows that for most cases this correction contributes a small fraction to the ellipticity parameter. Nonetheless, with the presence of intense laser fields this additional correction could lead to detectable signals in a highly sensitive polarimeter which might mix with or even cover the expected heralding signals of new physics.
The analytical derivation relies on the particular field configuration. It is postulated that on the path of the probe wave the pump field is a time dependent electric/magnetic field while the amplitude of the magnetic/electric field vanishes. Moreover, real beam effects, such as beam focusing and Gouy phase shift, are not taken into account. A universal light cone condition is not acquired yet. In view of the inexhaustible possibilities of different situations, it is speculated that numerical calculations like those performed in [4] would play a crucial role in exploring vacuum polarization problems in diverse sorts of field configurations.
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